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SIGNIFICANCE  AND  EXPLANATION 


In  this  paper  it  is  shown  that  the  solutions  of  initial-value  problems  for 
a class  of  quasilinear  parabolic  equations  of  broad  interest  in  applications  are 
uniquely  identified  by  rather  mild  conditions.  It  is  desirable  to  know  very  weak 
conditions  which  imply  uniqueness  of  solutions  of  problems  of  this  sort  for  a 
variety  of  reasons.  One  such  reason  is  that  if  an  approximation  process  is  given 
to  approximate  the  solution,  one  need  only  check  that  these  weak  conditions  are 
satisfied  by  limits  of  the  approximations  in  order  to  establish  convergence  of 
the  process  to  the  correct  solution. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive  summary 
lies  with  MRC , and  not  with  the  authors  of  this  report. 
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UNIQUENESS  OF  SOLUTIONS  OF  THE  INITIAL-VALUE  PROBLEM 
FOR  ufc  - A*(u)  = 0 


Haim  Brezis  and  Michael  G.  Crandall 


Introduction : 

This  paper  is  concerned  with  the  uniqueness  of  solutions  of  the  initial  value  problem 


(i)  ufc  - A*(u)  - 0,  0 < t < T,  x c ®N  , 


u ( 0 , x)  = uQ(x) , x £ R‘  , 


(2)  * : R ■*  R is  nondecreasing,  continuous  and  ^(0)  =0 

Equations  of  this  sort  arise  in  many  applications.  These  include  heat  flow  in  materials  with 
a temperature  dependent  conductivity,  flow  in  a porous  medium,  the  Stefan  problem,  biological 
models,  etc. 

N 

The  main  result  is  formulated  below.  We  have  set  Q = (0,T)  * R and  the  expression 
"in  D'(Q)”  means  in  the  sense  of  distributions  on  Q. 

Theorem  1 . Let  (2)  hold  and  u,  u satisfy 

(3)  u,  u £ L°°(Q)  , 


ufc  - A^(u)  = ut  - A^(u)  in  D'( Q)  , 


u - u £ L (O)  , 


essential  limit  / |u(t,x)  - u(t,x) |dx  = 0 

t40  F 


Then  u - u a.e.  on  Q. 


Theorem  1 implies  that  bounded  solutions  u of  (1) (i)  in  the  sense  of  distributions  which 
further  satisfy  w(t,x)  - u(t,x)  - uQ(x)  £ L1(Q)  and  w(t,*)  ■*  0 in  L1(RN)  as  t 4 0 are 
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I 

unique.  Among  the  earlier  uniqueness  results  we  mention  the  works  of  Sabinina  111]  and  Vol'pert 
and  Hudjaev  [14].  Sabinina  announces  a theorem  which  can  be  proved  by  the  method  exposed  in 
[101  while  Vol'pert  and  Hudjaev  consider  a broad  class  of  equations  (including  first  order  ones) 
and  use  the  relatively  deep  theory  of  BV  spaces  both  in  the  formulation  of  their  results  and 
the  proofs.  In  any  case,  as  apolied  to  (1),  these  results  assume  siqnif icantly  more  regularity 
of  than  mere  continuity  as  trail  as  conditions  on  grad  ip(u)  which  we  do  not  impose.  Here 
"grad"  denotes  the  gradient  with  respect  to  (x^,...,^).  On  the  other  hand,  given  (3),  our 
conditions  (5)  and  (6)  are  somewhat  more  stringent  than  those  of  [11].  This  will  be  rectified 
in  the  remarks  ending  Section  1.  Other  works  concerning  the  uniqueness  cruestion  for  (1)  and 
variants  of  it  are,  for  the  most  part,  concerned  with  one  space  variable.  See,  for  exasple. 

Gilding  and  Peletier  [6],  KalaSnikov  [7],  Kamin  [0],  and  Kershner  [9]. 

In  some  circumstances  of  interest  we  can  weaken  (3)  (which  corresponds  to  u^  t L (S  ) in 
(1)).  In  particular,  we  have: 

ci  IN 

Theorem  2.  Let  a > max(  (N-2) /N,0)  and  W(r)  - |r|  sign  r.  Then  for  each  uQ  £ L (»  ) there 
is  exactly  one  function  u satisfying 


Section  1.  The  Proof  of  Theorem  1. 


Let  u,  u be  as  in  Theorem  X.  Then  the  functions  z = u - u,  h = <P(u)  - *(u)  satisfy 
the  conditions  of  the  following  lemma,  which  therefore  implies  Theorem  1. 

Proposition  1.  Let  z c L^tO)  n L°°(q)  and  h e L°°(Q)  . Let 

(!••!)  zfc  - Ah  = 0 in  D' IQ)  , 


zh  ^ 0 a.e.  in  Q , 


meas{ (t,x)  t Q:|h(t,x)|  > £}  < » for  each  £ > 0 , 


where  meas  A is  the  Lebesgue  measure  of  A,  and 


essential  limit  / |z(t,'x)|dx  » 0 . 

t+0  FW 


Then  z = 0 a.e.  on  Q. 

It  is  obvious  that  z = u - u and  h * *(u)  - *(u)  satisfy  the  conditions  of  Lenina  1, 
except  perhaps  for  (1.3).  In  order  to  verify  (1.3)  observe  that  since  u,  u £ L°°(Q)  and  i p 
is  continuous,  for  each  £ > 0 there  is  a i > 0 such  that  |?(u(t,x)>  - *>(u(t,x))|  > £ im- 
plies Ju(t,x)  - u(t,x)  | > 6.  But  u - u c L1  (Q)  implies  meas{  (t,x)  : |u(t,x)  - u(t,x)  | > 6)  < °° 
and  so  (1.3)  holds. 

Proof  of  Proposition  1.  It  is  well-known  (e.g.  (3),  (12))  that  for  each  e > 0 and 
p N 

gcLMR),  l<^p£~,  the  problem 


(1.5)  ev£  - Av^  « g in  £>’(R  ) 

has  a unique  solution  v^  e LP(RN)  . Defining  by  B^g  ■■  v^  one  also  has  the  estimate 

<1-6>  ellBegllp  £ Ikllp 

where  ||  ||^  will  denote  either  the  norm  of  LP(RN)  or  the  norm  of  LP(Q)  depending  on  the 
context.  Because  of  (1.6),  Bf  defines  mappings  B£:LP(Q)  •*  LP(Q)  for  1 £,  P " and  (1.6) 
holds  equally  for  g £ LP(  RN)  and  g £ LP(Q) . Under  the  assumptions  of  Proposition  1 we  have 


(1.7)  J j (z*  + hAi|i)dxdt  “ 0 for  ♦ £ 0(Q) 

OR 

where  D(Q)  is  the  space  of  C functions  with  compact  support  in  Q.  Fixing  y £ D( Q)  we 
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wish  to  set  ^ « B y in  (1.7).  Clearly  B^y  « C (£>)  (since  Bf  commutes  with  differentia- 

00 

tions)  and  (B^y) (t,x)  = 0 for  t near  0 or  T.  Moreover,  since  z,  he  L IQ)  , (1.7)  clear- 
ly continues  to  hold  for  ifi  e c”(Q)  n L1  (Q)  with  i|)(t,x)  =0  for  t near  0 and  T pro- 
vided that  , Ai|»  and  |grad  i(i|  e L1(Q)  • B^y  has  these  properties.  Moreover, 

IB  y = cB  y - y and  (B  y).  = B (y.  ) . Thus 
£ £ £ ' t £ t 

T 

(1.8)  / / N<zBe(Yt>  + h(eB£Y  - y ) ) dxdt  = 

0 kn 

T 

J J n<(B£Z) (y fc)  + (eB£h  - h)y)dxdt  = 0 for  y e D(Q)  , 

0 JR  £ 

where  the  first  equality  is  due  to  the  obvious  symmetry  of  B£  and  the  absolute  convergence 


of  all  integrals  involved.  Thus 


(B£z)t  « eB£h  - h in  D' (Q)  . 


For  notational  convenience  we  denote  z(t,*)  by  z(t)  and  J N p(x)q(x)dx  by  (p,  q) 

]R 

IN  1 00 

when  pq  e L (I  ) ■ Since  z,  B£Z  e L IQ)  n L (Q) 

g£(t)  = (B£z(t)  , z(t)) 

is  defined  for  almost  all  t e [0,TJ.  Assume  we  can  demonstrate  that 

(1.10)  lim  g-(t)  = lim(B  z(t) , z(t))  = 0 a.e.  te  [0,T] 

e +0  C M0 

2 n 

It  will  follow  that  zlt)  = 0 a.e..  Indeed,  if  w e L (»  ) then  eB£w  - AB£w  = w and  so 

(B  w,  w)  « (B  w,  eB  w - 6B  w)  =•  e ||  B w||  2 + ||  | grad  B w|  ||  2 
£ Eee  z.  t ez 

2 N 

Thus  (B  w,  w)  -»  0 as  e -*•  0 implies  eB  w-*  0 in  L (R  ) and  AB  w = div(grad  B w)  -*•  0 

£ € E t. 

in  n'  (RN)  (since  grad  B w 0 in  L2(RN)N)  . Therefore  eB  w - AB  w = w -*•  0 in  D'(RN) 

£ EE 

and  w » 0 a.e.  In  this  way  Proposition  1 will  follow  if  we  can  verify  (1.11) . This  will  in- 
volve two  main  steps.  From  (1.9)  and  the  various  properties  of  h and  z we  will  deduce 
that  g is  absolutely  continuous  (upon  correction  on  a set  of  measure  zero)  and 

(1.11)  gMt)  - 2(eB£h(t)  - h(t)  , z(t))  a.e.  t e [0,Tl 


where  h(t)  abbreviates  h(t, •) . We  assume  these  facts  for  the  moment  and  show  how  to  com- 
plete the  proof  of  (1.11).  From  z e l"(0) , (1.4)  and  (1.6)  it  follows  that 


g (0+)  = essential  limit(B  z(t),  z(t))  = 0 . 

6 t+0  E 

This  eouality  together  with  (1.2),  (1.12)  and  the  symmetry  of  B imply 


g <t>  — 2 J IeB  h(s|,  z(s) ) ds  = 2 f (h  ( s)  , eB  z(s))ds  . 


Now  | (eB^h(s)  , z(s))|  < || cB^hll^ll z (s)  II  ^ < llhll  Jlz(s>  II  by  (1.6).  Since 

s •»  llz(s)  II 1 e L (0,T) , (1.10)  will  follow  from  the  dominated  convergence  theorem  and  (1.13)  if 

lim  (h(s) , eB  z(s))  = 0 a.e.  s t 10, T) 
e«>  E 

In  view  of  our  various  assumptions,  this  last  eouality  follows  from: 

Leiwna  1.  Let  p e l”°(*N)  and  meas{x  e »N:  !p(x)  I > £)  < ® for  5 > 0.  Let 

0 f L1(RN)  n L (»N)  . Then  lim  (p,  cB  g)  = 0. 

e+0  E 

Proof  of  Lenina  1.  We  have 

(1-14)  1/  epB  odx | < |/  edB  qdx|  + £ / | eB  o|dx 

{ X:  | p (x)  | > C)  E E 


< measfx:  |p(x)  | > ||p||J|  eB^H^  + ClIeB^I^ 

< measix:  |p(x)  | > 5 } || p||J|  eB^H^  + 5 1| o||  ^ . 


To  proceed,  we  verify  that 


lim  |!  SB  q jj^  = 0 . 

E<0 


In  fact,  scaling  arguments  show  that 


<EBeq)(x)  - eN/2  /k(*^(x-y))q(y)dy 


where  k is  the  kernel  associated  with  B^ ; 


3xq(x)  = / k(x-y)q(y)dv  . 
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The  properties  of  this  kernel  we  use  below  can  be  obtained  from  [12] . Simple  estimations  now 
yield 

| cB  a(x)  | < eN/2  C(r)||q||  + eN/2||q||„  fk</e<x-y)  )dy 

e {/T|x-y|<r} 

for  r > 0,  where  C(r)  = sup{k(x)  : |x|  > r}.  Since  C(r)  < ■»  for  r > 0,  this  last  esti- 
mate shows  that 

lim  sup  II  eB  qlJ^  <_  l|q||„  J k(y)dy 

e+0  (|y|ir} 

for  r > 0.  But  k e L1({x:  |x|  <_  1 })  and  the  right  hand  side  above  therefore  tends  to  zero  as 
r + 0,  establishing  (1.15).  Returning  to  (1.14),  we  find  now  that 

lim  sup  1/  epB  qdx|  <.c||<z||1  for  £ > 0 
e+0 

and  Lenina  1 follows  on  letting  5 tend  to  0.  I 

It  remains  to  verify  the  absolute  continuity  of  g£  and  (1.11).  For  notational  simplicity 
we  set  c*l  and  write  B,  g instead  of  B^,  Let 

00 

z4(t,  x)  = (Ps  * z)(t,  x)  = / P6(t-s)z(s,  x) ds 


where  z»z  on  Q,  z = 0 outside  Q and  p{  is  a standard  family  of  mollifiers  in  t with 
P6  supported  in  [-«,«).  It  is  clear  that  z6.Bz{  and  (Bz{ (t)  , z{ (t) ) are  smooth  in  t 
and  we  have 


(1.18) 


£ <BV  V * 2(£bV  V " 2<Bv  on  * • 


Next  we  claim  that  almost  everywhere  on  (6,  T-6)  » R 


(1.19) 


* Bz6  " P«*(Bh  " W 


where  h - h on  Q and  h ” 0 outside  0.  Indeed  if  y e 0((S,  T-6)  » R ) and  Pfi(s) 


p,(-s)  we  find 


£ /RN  {kBZ)yiXdt’  t ('BZ)  -3T  (VY)dXdt 

= / (Bh  - h)  (p  *Y)dxdt  = / J (p  *(Bh  - h))Ydxdt 

Q S * V 6 

by  (1.9)  and  the  fact  ps»Y  t D(Q)  . Using  (1.18)  and  (1.19)  we  see  that  for  i;  e D(0,T)  and 
sufficiently  small  6, 

T T 

-/  (Bz  <s),  z.(s))c*(s)ds  = 2 / (p  *(Bh  - h)  (s)  , z.  (s) ) c(s)ds  . 

0 oo  Q 6 6 

Since  z^  •*  z in  L (Q)  and  ||  ae^  || ^ <_  ||  z 1 1 ^ it  follows  easily  that 

T T 

-/  g(s)  C (s)ds  =•  2 / ((Bh  - h) (s)  , z(s))c(s)ds  . 

0 0 

The  last  result  shows  that  g is  absolutely  continuous  and  g'(t)  - 2(Bh(t)  - h(t),  z(t))  a.e. 
The  proof  of  Proposition  1,  and  hence  Theorem  1,  is  complete.  | 

Remarks  on  variations; 

(1.20)  The  inhomogeneous  equation:  The  way  we  have  formulated  Theorem  1 it  is  directly  appli- 
cable to  the  generalization  ufc  - A*(u)  = f(t,  x)  of  (1)  (i)  . 

(1-21)  Discontinuous  j£:  The  continuity  or  even  the  single-valuedness  of  f was  used  only  to 
establish  that  h = ^(u)  - >p(u)  satisfied  (1.3).  This  can  be  arrived  at  in  other  ways.  For 
example,  if  u,  u e iP  (Q)  for  some  p,  1 < p < »,  and  f is  continuous  at  0 we  have  (1.3) 
satisfied. 

<1.22)  Assumption  of  the  initial-value:  We  have  assumed  that  the  initial  condition  is  satis- 
fied in  the  strong  form  (1)  (ii)  which  corresponds  to  (1.4).  This  was  to  simplify  the  presenta- 
tion and  is  justified  by  the  existence  theory  which  we  have  in  mind  (see  Section  2)  which  pro- 
vides solutions  satisfying  ( 1) (ii) . However,  it  is  quite  interesting  to  weaken  (1.4)  to  the 
requirement 

T 

(1.23)  / / (zi|/  ♦ hAi|i)dxdt  * 0 v|i  ( c”([0,T)  x »N)  , 

0 ® 0 


1 


where  C ((0,T)  x K ) means  the  C functions  vanishing  for  t near  T 


especially  in  view  of  the  existing  literature.  In  fact,  the  entire  proof  remains  intact  under 


verify  (1.12)  under  the  assumption  (1.23) 


/ / (z (g * + gi|>  ) + hgAi|>))dxdt  = 0 **  / / (zi(i  + hAiJOdxdt 


As  a,  b ■*  0,  this  implies  that 


J J Nz(t,x)i(>U,x)4xdt  = 0 


Taking  iji 


we  deduce  that 


From  (1.9)  it  follows  that 


Multiplying  this  result  by  i(i  t CQ(K  ) 


and  then  averaging  over  s,  a < s 


integrating  over  x e K 


, D 

f „,B  z(t,x)i(i(x)dx  - - — f / z(s,x)B  i|i(x)dx  ds 
' N c b-a  ‘ ' N E 

TR  a IR 

1 b t 

= - — / / „ J (eB  h(T,x)  - h(T,x))dTiHx)dxds 

D-a  ' N c 


Using  (1.25)  we  can  pass  to  the  limit  above  as  b,  a -+  0+  to  obtain 

t 

f 

F''  0 TR" 


J N(Bez)  (t,x)0(x)dx  - / / N(eBch(T,x)  - h(T,xm(x)dxdT  . 


1 N 

This  relation  holds  for  all  ^ c L (F  ) for  almost  all  t.  Hence 


B^z(t,x)  = J (eBth(i,x)  - h(T,x))dx 
0 


for  almost  all  (t,x)  e [0,T)  x f and  ||B^z(t)  £ t 2||h| 


Finally,  | (B^z(t) , z(t) | 


<_  2t||h||oo||  z(t)  ||  ^ , so  ||z(t)||^  € L (0  ,T)  and  the  existence  of  g£(0+)  imply  (1.12). 

(1.26)  Other  integrability  conditions.  We  note  that  Proposition  1 remains  valid  if 

1 oo  2 

z € L (Q)  n L (Q)  and  (1.3)  are  replaced  by  z,  h € L (Q)  and  (1.4)  is  replaced  by  (1.23). 
The  proof  of  this  assertion  consists  of  mild  adaptations  of  the  above  arguments  (several 

points  being  easier).  Recalling  the  relationships  of  Proposition  1,  Theorem  1 and  (1),  this 

00  2 

proves  uniqueness  of  weak  solutions  of  (1)  which  satisfy  u e L ( Q)  and  u - u^  e L (Q)  if. 

is  locally  Lipschitzian.  Indeed,  if  u,  u are  two  such  solutions  and  h = - ^(u)  , 

then  | h | <.  C |u-u  | e L2(Q)  for  some  constant  C.  This  result  strongly  generalizes  the  unique- 
ness assertion  of  (11). 
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Section  2.  The  proof  of  Theorem  2. 


The  abstract  theory  of  evolution  equations  governed  by  accretive  operators  (see,  e.g.. 

Ill,  [5])  in  conjunction  with  [3]  provides  a great  deal  of  information  concerning  the  solution 
of  (1).  The  basic  idea  is  that  for  each  g £ L1(FN)  the  problem 

(2.1)  v - Av>(v)  = g in  D’(RN) 

has  a solution  v e L1 (RN)  which  is  unique  within  a suitable  class  (see  [3]).  To  reduce 

(2.1)  to  the  problem  studied  in  [3),  put  u = ^(v)  , 6 = 't  and  rewrite  (2.1)  as 

B(u)  - Au  i g.  The  mapping  A defined  by  A:v  -*•  g - v when  g £ L1(KN)  and  v is  the 

unique  solution  of  (2.1)  is  m-accretive  in  L^(R^)  and  D(A)  = L (R  ) . Thus  (1)  has  a 

solution  in  the  sense  of  the  abstract  theory  if  u^  e L^(RN)  (see  (1),  (5)).  bet 

u(t,-)  « S(t)uQ  denote  this  solution;  in  particular  u e C([0,“);  L^rY  . Under  the 

oo  n 00  N 

assumptions  of  Theorem  1 it  is  easy  to  see  that  if  also  uQ  e L (R  ) then  u t L ((0,®)  x R ) 

and  ufc  - A*(u)  - 0 in  £>•(( 0,»)  x RN)  . Thus  the  existence  theory  complements  the  uniqueness 

theory.  With  some  further  restrictions  on  ^ (see  (2),  [13]  for  precise  conditions)  which  are 

OO 

satisfied  in  the  special  case  of  Theorem  2,  we  have  u € L ([a,®)  x r ) for  a > 0 if  only 

u t L1(RM)  . Thus  the  existence  claim  of  Theorem  2 is  clear.  We  now  prove  the  uniqueness . 

0 

Assume  u is  any  solution  of  (7),  (8),  (9).  Then  for  h > 0 the  functions  u(t  + h,-)  and 
S(t)u(h)  are  two  solutions  of  (1) (i)  with  the  same  initial  value  u(h,*).  It  follows  from 
Theorem  1 that  d(t)u(h)  » u(t  + h,-)  for  t >_  0.  As  h -*■  0 we  see  that  S(t)uQ  ® u(t,») 
and  the  uniqueness  is  proved.  I 

To  illustrate  the  use  of  the  existence  theory  in  extending  uniqueness  results  in  a 
slightly  more  cosplex  way  (but  by  no  means  the  most  complex) , we  indicate  the  proof  of  one  more 
result. 

Theorem  3.  Let  T > 0,  (2)  hold  and  p:R  -►  R be  Lipschitz  continuous  with  p ( 0)  « 0.  Let 

u « L1(RN)  n l“<RN).  Then  there  is  exactly  one  function  u satisfying 
0 

(2.2)  u £ C([0,T]:L1(RN))  n L°'([0,T];RN)  , 

(2.3)  u(0, •)  - uQ(*)  , 
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and 


(2.4)  ut  - AV(u)  + p(u)  = 0 in  D'  (Q) 

Proof  of  Theorem  3.  Assume  u and  u satisfy  (2.2)  - (2.4).  Let  f(t,x)  = p(u(t,x)),  so 

X OB 

f t L (Q)  n L (Q)  (by  the  restrictions  on  p) . The  theory  mentioned  above  guarantees  the 
existence  of  a v £ L°°(Q)  n C(  [0,Tl  :L1(»N))  such  that  vfc  - A*(v)  + f = 0 in  D’(Q)  and 
v(0,x)  = uQ(x).  Theorem  1 implies  (see  Remark  (1.20))  that v = u.  Similarly  we  can  construct 
v from  u and  v = u.  But  the  existence  theory  which  provided  v and  v also  implies  that 
if  w(t)  = v(t,*)  - v(t,*)  = u(t,*)  - u(t,*)  then 

t 

II  w(t)  ||  < ||  W ( 0)  ||  + / ||f(T,*)  - f(T,-)||.clT 

0 A 

t t 

<_  0 + K / II  u ( T , - ) - u(t,*)||  .dx  = K / ||w(t)  ||  ,dT 
0 0 

where  K is  a Lipschitz  constant  for  p.  Thus  w = 0 and  uniqueness  is  proved.  Existence 
follows  from  the  considerations  mentioned  above.  ■ 

Remark . A result  comparable  to  Theorem  3 in  bounded  domains  has  been  obtained  in  [41  (Proposi- 
tion 5.2)  . 


« 
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